ABSTRACT. A metric measure space pX, d, µq is said to be A8 on curves if there exist constants τ ă 1 and θ ą 0 with the following property. For every x P X, 0 ă r ď diampXq, and a Borel set S Ă Bpx, rq with µpSq ą τ µpBpx, rqq, there exists a continuum γ Ă X of length ď r satisfying H 1 8 pγ X Sq ě θr. I first observe that spaces of Q-bounded geometry, Q ą 1, are A8 on curves. Then, I show that any complete, doubling, and quasiconvex space pX, d, µq which is A8 on curves has Alberti representations with L p -densities for some p ą 1, depending only on the doubling and A8-constants. More precisely, any normalised restriction of µ to a ball B Ă X can be written as µB " fB dνB, where νB is a convex combination of measures of linear growth supported on continua of length ď diampBq, and }fB} L p pν B q ď C for some constant C ě 1 independent of B.
INTRODUCTION
Let Q ą 1, and consider a space pX, d, µq of Q-bounded geometry (see [10] for the origin of this terminology): pX, dq is proper and path connected, µ is Borel and Q-regular, that is, µpBpx, rqq " r Q , x P X, 0 ă r ď diampXq, and X supports a weak p1, Qq-Poincaré inequality: there exist constants C, λ ě 1 such that whenever x P X, r ą 0, u P L 1 loc pµq, and g ě 0 is an upper gradient of u, then for all rectifiable continua γ Ă X joining x to y. Recall that a continuum is a compact and connected (subset of a) metric space, and a rectifiable continuum is a continuum of finite H 1 -measure. For more information on Poincaré inequalities and upper gradients, see for example [11] . The properties above imply that pX, dq is quasiconvex, see [8, Proposition 4.4] . Also, a space pX, d, µq with the properties above is Q-Loewner, see [9, Theorem 5.7] : there is a function ψ : p0, 8q Ñ p0, 8q so that whenever E, F Ă X are non-degenerate continua satisfying distpE, F q ď t mintdiampEq, diampF qu, then mod Q pE, F q ě ψptq.
( 1.2)
The Loewner property is a way of formalising that X contains plenty of rectifiable continua: by definition, (1.2) means that whenever g : X Ñ r0, 8s is a Borel function satisfying ż γ g dH 1 ě 1 for all continua γ intersecting both E and F , then ż g Q dµ ě ψptq.
Informally, one could summarise that the L Q pµq-norm of any Borel function g : X Ñ R is dominated from below by the L 1 pH 1 zγq-norm of g for some (not-too-short) rectifiable continuum γ Ă X. In this paper, we investigate the possibility of a converse statement. Here is a (rather inaccurate) guiding question: Question 1. Is the L 1 pµq-norm of any Borel function g : X Ñ R dominated from above by the L p pH 1 zγq-norm of g for some (not-too-long) rectifiable curve γ Ă X, for some p ă 8? Qualitative statements of this type have appeared in the literature on several occasions. For example, Shanmugalingam proves in [16, Lemma 6.2] (see also [16, Theorem 6.2] ) that, under the hypotheses on X above, any subset E Ă X avoiding mod Q almost every continuum has µpEq " 0. An even more closely related statement is [5, Theorem 6.6] , which implies in particular that if pX, d, µq is a Lipschitz differentiability space, then any set S Ă X intersecting every rectifiable continuum in H 1 -measure zero has µpSq " 0. For illustrative purposes, we now include the following simple proposition: Proposition 1.3. Let pX, d, µq be a complete and doubling metric measure space admitting the weak Poincaré p1, Qq-inequality (1.1) for some Q ě 1. If S Ă X is a Borel set with H 1 pSXγq " 0 for all rectifiable continua γ Ă X, then µpSq " 0.
Proof. By [11, Corollary 8.3.16] , the space X admits a geodesic metric equivalent to d; hence we may assume that pX, dq is geodesic to begin with. Fix x 0 P X, and consider the 1-Lipschitz function f pxq :" dpx, x 0 q. Then Lippf, xq :" lim sup yÑx y‰x |f pxq´f pyq| dpx, yq
Indeed, take a curve γ connecting x to x 0 with H 1 pγq " dpx, x 0 q. If y P γ, then dpx, x 0 q " H 1 pγq " H 1 pγz rx,ys q`H 1 pγz ry,x 0 s q ě dpx, yq`dpy, x 0 q, which implies that f pxq´f pyq " dpx, yq. Now, if S Ă X is a Borel set which intersects all rectifiable continua in zero length, then evidently g :" for µ almost every x P X. Hence, using the Poincaré inequality,
for µ almost every x P X. In particular, this holds for µ almost every x P S. However, by Lebesgue differentiation, see [11, Section 3.4] , the quantity in (1.4) equals zero for µ almost every x P S. We conclude that µpSq " 0, as desired.
To answer Question 1, we will need to understand what happens if H 1 pS X γq is not zero, but only "small" for rectifiable continua γ Ă X. The argument above appears to be useless in this situation (at least 1 S c no longer seems to be an upper gradient for anything), so we need to find a different approach. We begin with a definition. Definition 1.5 (A 8 pΓq-space). Let pX, d, µq be a metric measure space. We say that X is A 8 on curves, or that X is an A 8 pΓq-space, if there are constants τ ă 1 and θ ą 0 with the following property. Whenever x P X, 0 ă r ď diampXq, and S Ă Bpx, rq is a Borel set with µpSq ą τ µpBpx, rqq, there exists a continuum γ Ă Bpx, rq such that H 1 pγq ď r and H 1 8 pγ X Sq ě θr. This quantification is weak: it only says that if a subset of an r-ball has sufficiently short intersections with all continua of length ď r, then the subset cannot occupy all of the ball. On a positive note, this property follows easily from the Q-Loewner condition: Proposition 1.6. Every space of Q-bounded geometry, Q ą 1, is A 8 on curves.
For a proof, see Section 2. It would be interesting to know if weaker hypotheses (than Q-bounded geometry) imply the A 8 pΓq-property; in the present paper, the Q-bounded geometry assumption only appears in the proposition above, while the subsequent results just rely on the A 8 pΓq-condition combined with milder a priori axioms (completeness, doubling, and quasiconvexity).
It turns out that the A 8 pΓq-property allows for a very substantial amount of selfimprovement: it implies a positive answer to Question 1. To make this precise, we consider the following notion of 1-rectifiable representations. These entities are also known as Alberti representations, as they first appeared in the work of Alberti [2] on the rank-1 property for BV functions. The definition below is a slight variant of the ones used in [1, 5, 6] . In this paper, a 1-Frostman measure is a Borel measure ν on some metric space Y satisfying νpBpx, rqq ď r for all balls Bpx, rq Ă Y . Definition 1.7. Let pY, dq be a compact metric space, let r ą 0, and let P r be the set of Borel probability measures on the compact space (see Lemma 4.2) of measures of linear growth supported on continua γ Ă Y of length at most r. Let ν P be the measure
A Borel measure µ on Y has a 1-rectifiable representation of length r in L p if there exists P P P r such that µ ! ν P with µ -dµ{dν P P L p pν P q. In this case, we write
Now we come to the main theorem of the paper. Theorem 1.8. Let pX, d, µq be a complete, doubling, and quasiconvex space which is A 8 on curves. Then, there exist constants p ą 1 and A ě 1 such that the following holds. For any x P X and 0 ă r ď diampXq, the normalised restriction µ x,r :" µz Bpx,rq µpBpx, rqq has a 1-rectifiable representation of length r in L p , and moreover }µ x,r } L p prq ď A.
The main message here is that p ą 1, because the theorem then implies the following answer to Question 1: Corollary 1.9. Same assumptions and notation as in Theorem 1.8. Let p˚:" p{pp´1q ă 8 be the dual exponent of the parameter p ą 1 found in Theorem 1.8. Let x P X, 0 ă r ď diampXq, and B :" Bpx, rq. Then, for any bounded Borel function g : X Ñ R, we have 10) where the sup runs over continua of length ď r contained in 2B.
In particular, by Theorem 1.6, spaces of Q-bounded geometry satisfy the "inverse Loewner property" (1.10) with some finite exponent. The proof of Theorem 1.8 is given at the end Section 4. It turns out that Corollary 1.9 is more elementary than Theorem 1.8 -and is indeed a crucial step in the proof of Theorem 1.8! So, although Corollary 1.9 easily follows from Theorem 1.8, we also need to give a separate proof for it, see Corollary 3.16.
Proof. The proposition is proven in [15, Lemma 3.7] with the constant C " 32 under the assumption that Γ is contained in some Hilbert space H. It would, however, appear that the proof works without modification if Γ is contained in a Banach space instead, and this can always be achieved by Kuratowski embedding.
Another, more recent, reference is [3, Theorem 4.4] which also contains more precise information, and yields the statement with constant C " 2.
In the present paper, the lemma above is only needed to infer the following: if Γ is a rectifiable continuum, ν is an outer measure supported on Γ, and S Ă Γ is arbitrary, then there exists a sub-continuum Γ 1 Ă Γ of length ď H 1 pΓq{2 with νpS X Γ 1 q νpS X Γq. This is clear once Γ is parametrised as Γ " γpr0, 1sq, where γ : r0, 1s Ñ Γ is CH 1 pΓq-Lipschitz: then, by the pigeonhole principle, and the sub-additivity of ν, the choice Γ 1 :" γpIq will work for some interval I Ă r0, 1s of length 1{p2Cq.
We then prove proposition 1.6.
Proposition 2.2.
Let pX, d, µq be a space of Q-bounded geometry for some Q ą 1. Then X is A 8 on curves.
Proof. The proof of [9, Lemma 3.17] shows that for every δ P p0, 1q there exist constants C " Cpδq ě 1 and ǫ " ǫpδq ą 0 such that if E, F Ă Bpx, rq are disjoint continua of diameter ě δr, then mod Q pE, F ; Bpx, Crqq ě ǫ. Moreover, by the Q-regularity and quasiconvexity of X, there exists δ ą 0 such that every ball Bpx, rq with 0 ă r ď diampXq contains two continua of diameter ě δr with pairwise distance ě δr. Let C, ǫ ą 0 be the constants, as above, corresponding to this δ. Now, to prove the proposition, fix x P X and 0 ă r ď diampXq. Choose two disjoint continua in Bpx, r{Cq of diameter ě δr{C and
Further, since
see [9, Lemma 3.15] , the modulus estimate (2.4) remains essentially valid if we restrict to continua connecting E to F inside Bpx, rq of length ď Ar:
Now, to prove the A 8 pΓq-property of X, let θ ą 0 be a small constant, and let S Ă Bpx, rq be a Borel set satisfying H 1 8 pS X γq ď θr for all continua γ Ă Bpx, rq with H 1 pγq ď r. It immediately follows that H 1 8 pS X γq Aθr for all continua γ Ă Bpx, rq with H 1 pγq ď Ar (use Proposition 2.1). In particular
for all such continua if 0 ă θ ! δ{p2ACq, recalling (2.3). Consequently, the function
Bpx,rqXS c r is admissible for the family in (2.5), if c ě 2C{δ, recall (2.3). Indeed, if γ Ă Bpx, rq meets both E and F , then H 1 8 pBpx, rq X γq ě distpE, F q, and consequently
by the sub-additivity of Hausdorff content. Now, we may infer from (2.5) that
This implies that µpBpx, rq X Sq ď τ µpBpx, rqq for some τ ă 1 independent of x and r. Consequently X is A 8 on curves and the proof of the proposition is complete.
Lemma 2.7. Let pX, d, µq be a complete quasiconvex metric measure space which is A 8 on curves. Then, there exist constants τ ă 1 and A, θ ą 0 with the following property.
SELF-IMPROVEMENT OF THE A 8 pΓq-PROPERTY
In this section, pX, d, µq is a complete and doubling space. It will be convenient to use a system of dyadic (Christ) cubes on X. This refers to a collection D " Ť jPZ D j of open sets with the following properties:
(D2) Each Q P D j has side-length ℓpQq :" 2´j and satisfies diampQq ď ℓpQq. (D3) Each Q P D contains a ball B Q Ă Q of radius ℓpQq radpB Q q ď ℓpQq. (D4) Each Q P D has a "small boundary" in the following sense: there are constants C ě 1 and η ą 0 (independent of Q) such that
Such a collection D exists by [7, Theorem 11] . The next lemma says that the the A 8 pΓq-property can also be formulated in terms of dyadic cubes.
Lemma 3.1. Let pX, d, µq be a complete and doubling A 8 pΓq-space. Then, there exist constants τ ă 1 and θ ą 0 such that the following holds. Let Q P D be a cube, and let S Ă Q be a Borel set with µpSq ě τ µpQq. Then, there exists a continuum γ Ă Q of length H 1 pγq ď ℓpQq such that
Proof. Recall from (D3) that each Q P D contains a ball B Q of radius comparable to ℓpQq; by taking a smaller ball inside B Q if needed, we will here assume that the radius of B Q is only a small fraction of ℓpQq. If now S Ă Q is a Borel set with µpSq ě τ µpQq, then µpB Q z Sq ď µpQ z Sq ď p1´τ qµpQq p1´τ qµpB Q q.
This implies that the ratio µpS XB Q q{µpB Q q can be made arbitrarily close to one by taking τ close enough to one. Consequently, the A 8 pΓq-condition (for balls) will be applicable to the Borel subset S X B Q of the ball B Q . The conclusion is that there is a continuum γ Ă B Q Ă Q of length diampB Q q ď ℓpQq satisfying H 1 8 pS X γq ě H 1 8 pS X B Q X γq radpB Q q. This implies the statement.
The following proposition states that the A 8 pΓq-property implies a stronger version of itself. Whereas the A 8 pΓq-condition says that any subset of Bpx, rq with short intersection with every curve "cannot be all of Bpx, rq", the proposition says, a fortiori, that any such subset of Bpx, rq can only occupy a small fraction of Bpx, rq.
Proposition 3.2. Let
Proof. We will prove the following by induction on n ě 1. Let θ ą 0 and τ ă 1 be the parameters from Lemma 3.1, let ρ P pτ, 1q (for example ρ " p1`τ q{2 will do), and let c ą 0 be another small enough constant. If Q P D and S Ă Q is a Borel set with
where c P p0, 1s is a suitable small constant, depending on the doubling constant of X, at least so small that cθ ď ρ. Let us briefly argue that this claim will prove the proposition. If Q P D and S Ă Q is a Borel set with µpSq ą 0, then there exists n ě 1 such that (3.4) holds. Then, by (3.5), there will exist γ Ă X with H 1 pγq ď ℓpQq and
Here 1 ď q :" log ρ pcθq ă 8, so the inequality above implies (3.3). We then begin the induction. The case n " 1 follows immediately from Proposition 3.1, since ρ ě τ and c ď 1. So, we assume that n ě 2, and the claim has already been established for index n´1, and for all cubes Q P D. Let then Q P D, and S Ă Q be a Borel set satisfying (3.4). Let P be collection of maximal sub-cubes of Q satisfying µpP X Sq ě τ µpP q,
Note that µ almost all of S is contained in the union of the cubes in P by Lebesgue differentiation. If Q P P, then we are in the situation of Proposition 3.1 and can certainly choose a continuum γ Ă Q Ă X satisfying (3.5). So, we may assume that Q R P. Therefore the parents p P of the cubes P P P are contained in Q, and satisfy
by the maximality of the elements in P. Let p P be the collection of maximal -hence disjoint -elements in t p P : P P Pu. Thus each p P P p P has at least one child in P, and µ almost all of S is still covered by Y p P. Then, we have ÿ
Since the cubes in D have small boundary regions, recall (D4) the "ǫ-interior"
if ǫ ą 0 is chosen small enough, depending only on ρ, τ , and the constants in (D4). Therefore, setting p S :" ď
it follows from (3.8) that µp p Sq ě ρ n´1 µpQq.
Consequently, by the inductive hypothesis, there exists a continuum p γ Ă X with H 1 pp γq ď ℓpQq and H 1 8 p p S Xp γq ě pcθq n´1 ℓpQq. At this point we discard -without change in notation -from p P all the cubes with int ǫ p P X p γ " H. For those cubes p P remaining, we pick an arbitrary point cp p P q P int ǫ p P X p γ. We now dispose of the (special) case where card p P " 1, that is, p γ only meets the ǫ-interior of a single cube p P P p P. Then p P is a cover for p S X p γ, hence
Now, pick any cube P P P whose parent is p P . By (3.6) and Proposition 3.1, there exists a curve γ Ă P Ă X with H 1 pγq ď ℓpP q ď ℓpQq and
In particular, if c ą 0 was small enough, H 1 8 pS X γq ě pcθq n ℓpQq, and the proof of (3.5) is complete in this case. From now on, we may then assume that p S X p γ is not contained in any one cube p P P p P. Thus, for any p P P p P, the curve p γ meets both cp p P q P int ǫ p P and Xz p P . This implies that
We now construct the continuum γ Ă Q. For every p P P p P, pick one cube P P P whose parent is p P . By (3.6) and Proposition 3.1, for every such cube P P P, there exists a curve γ P Ă P Ă X satisfying H 1 pγ P q ď ℓpP q and H 1 8 pγ P X S X P q ě θℓpP q. We further connect every γ P thus obtained to cp p P q P p γ X p P by a continuum γ P Ñ0 Ă X of length H 1 pγ P Ñ0 q ℓpP q (using the quasiconvexity of X). Then, the union
is a continuum of length 12) recalling that the cubes in p P are disjoint. We next estimate from below H 1 8 pγXSq. Let R be an arbitrary cover of γXS by disjoint cubes in D. There are two kinds of cubes in R: those which are contained in some cube of p P, and those which are not; we denote these families by R in and R out . Further, R in can be written as
where Rp p P q :" tR P R : R Ă p P u. If p P P p P is not strictly contained in some cube of R, then Rp p P q is a cover of γ X S X p P Ą γ P X S X P , hence ÿ
Writing p P 0 for those cubes not strictly contained in any cube of R, it follows that
To proceed, note that R out Y p P 0 is a cover of p S Ą p S X p γ, because p P is a cover of p S, and every cube in p P is contained in some element of
Combining (3.13)-(3.14) shows that H 1 8 pγ X Bq c n´1 θ n ℓpQq. The proof is now almost complete, except that the continuum γ may be a constant times too long, compare the estimate (3.12) with the goal in (3.5). However, by the subadditivity of H 1 8 , we may choose (recall the discussion after Proposition 2.1) a continuum γ 1 Ă γ which satisfies both H 1 pγ 1 q ď ℓpQq and H
Finally, if c ą 0 was chosen small enough to begin with, we have H 1 8 pγ 1 XBq ě pcθq n ℓpQq, and the proof is complete.
For technical reasons related to the construction of 1-rectifiable representations, in the next section, we record an alternative version of the previous proposition: Proposition 3.15. Let pX, d, µq be a complete, doubling, and quasiconvex A 8 pΓq-space. Then, there exist constants C ě 1 and 1 ď q ă 8 such that the following holds. Let Q P D, and let S Ă Q be a compact set. Then, there exists a continuum γ Ă X of length H 1 pγq ď ℓpQq and a Borel measure ν supported on S X γ satisfying νpBpx, rqq ď r for all balls Bpx, rq Ă X, and
Proof. Combine the previous proposition with Frostman's lemma, see [13, Theorem 8.8] .
The proof given in this reference works with negligible modifications in doubling and complete metric measure spaces (which in particular support a system of dyadic cubes), and shows that if K Ă X is a compact set, then there exists a Borel measure ν supported on K with νpKq H 1 8 pKq, and satisfying νpBpx, rqq ď r for all balls Bpx, rq Ă X. Positive Borel measures ν satisfying νpBpx, rqq ď r for all balls Bpx, rq Ă X will be called 1-Frostman measures in the sequel. As the last result of this section, we upgrade the previous statement to cover all Borel functions (in contrast to just characteristic functions). This can be achieved at the cost of slightly increasing the exponent q.
Corollary 3.16. Let
Proof. For every x P X, 0 ă r ď diampXq, and bounded Borel function ψ : X Ñ R, there exists a cube Q P D with r ℓpQq ď r and
Therefore, in place of (3.17), it suffices to find γ Ă X of length H 1 pγq ď ℓpQq, and a 1-Frostman measure ν supported on γ, such that
In proving (3.18), we may further assume that
since otherwise we may first prove the (3.18) for the function ϕ :" ψ{δ instead, and note that both sides of (3.18) have the same homogeneity. Then,
Note that the sum over the integers j ď´2 is at most 1{2, so
By the pigeonhole principle, it is therefore possible to choose j ě´1 and a compact set S Ă tx P Q : |ψ| ě 2 j u such that µpSq µpQq 2´j p2`jq 2 , Then, let C ě 1 and q 0 ě 1 be the parameters appearing in Proposition 3.15, and let q ą q 0 . The proposition states that there exists a continuum γ Ă X of length H 1 pγq ď ℓpQq and a 1-Frostman measure ν supported on S X γ satisfying
Recalling that |ψ| ě 2 j on S Ą spt ν, we obtain
which completes the proof of the corollary.
CONSTRUCTING 1-RECTIFIABLE REPRESENTATIONS
We move towards the proof of Theorem 1.8. The notation pY, dq will be reserved for a compact metric space, and MpY q stands for the vector space of complex Borel measures on Y . Proof. Let tν j u jPN Ă F r pY q be an arbitrary sequence, and associate to each ν j a continuum γ j Ă Y of length H 1 pγ j q ď r. Then, after passing to subsequences, we may assume that ν j á ν P MpY q (here "á" stands for weak* convergence) and γ j Ñ γ in the Hausdorff metric. Then, γ is also a continuum satisfying H 1 pγq ď r by Gołab's theorem, see [4, Theorem 4.4.17] or [3, Theorem 2.9] . Moreover, ν is clearly supported on γ, and νpBpx, sqq ď lim inf jÑ8 ν j pBpx, sqq ď s for all balls Bpx, sq Ă X by weak* convergence.
We repeat the definition of 1-rectifiable representations for the reader's convenience. Definition 4.3. Let pY, dq be a compact metric space, let r ą 0, and let P r :" PpF r pYbe the set of Borel probability measures on the compact space F r pY q, defined above. Let ν P be the measure
More formally, ν P is the measure given by the Riesz representation theorem applied to the linear functional
The right hand side above is well-defined, because ν Þ Ñ ş ϕ dν is continuous in the weak* topology, and P was assumed to be a Borel measure on F r . A measure µ P MpY q has a 1-rectifiable representation of length r in L p if there exists P P P r such that µ ! ν P with µ P L p pν P q. In this case, we write }µ} L p prq :" inft}µ} L p pν P q : P P Pu ă 8. 
is convex, balanced, and closed, hence compact in the weak* topology of MpY q.
Proof. It is clear that N is balanced: if µ P N and α P C with |α| ď 1, then }αµ} L p pν P q ď }µ} L p pν P q for any P P N . We next prove that N is closed in MpY q. The same argument will also reveal that to every µ P N there corresponds some P P P r :" PpF r pYsuch that }µ} L p pν P q ď 1. Pick a sequence tµ j u jPN Ă N such that µ j á µ P MpY q and associate to each µ j a probability P j P P such that
Since F r pY q is compact by Lemma 4.2, also P r is compact in the weak* topology, and hence we may assume that P j á P P P r after passing to a subsequence. It remains to show that µ P L p pν P q with }µ} L p pν P q ď 1. We use duality: fix ψ P CpY q. Then, by Hölder's inequality and (4.6), we first havěˇˇˇż
Here 1{p`1{q " 1 (with q " 1 if p " 8). Writing ϕ :" |ψ| q P CpY q, we further have
because the map ν Þ Ñ ş ϕ ν is continuous F r pY q Ñ R (where F r pY q is equipped with the weak* topology, as always). Thus,ˇˇˇż
which shows that µ P L p pν P q with }µ} L p pν P q ď 1. Hence, µ P N , and it has been established that N is closed. It remains to prove the convexity of N . Let µ 1 , µ 2 P N , and let P 1 , P 2 P P r be such that
Let λ 1 , λ 2 P r0, 1s with λ 1`λ2 " 1, and consider the probability P :" λ 1 P 1`λ2 P 2 P P r . Note that
To show that λ 1 µ 1`λ2 µ 2 P L p pν P q, we again employ duality. Fix ψ P CpY q, and let 1{p`1{q " 1 (with q " 1 if p " 8). Then, using Hölder's inequality and the concavity of t Þ Ñ t 1{q , we infer thaťˇˇˇż
This proves that λ 1 µ 1`λ2 µ 2 P L p pν P q with }λ 1 µ 1`λ2 µ 2 } L p pν P q ď 1, and consequently
The next proposition gives a criterion for a measure to belong to N ; compare this with Corollary 3.16 to see where we are headed. Proposition 4.9. Let 1 ď q ă 8, let r ą 0, and let pY, dq be a compact metric space. Assume that µ P MpY q is a measure satisfying
where P r :" PpF r pY qq. Then µ P N p prq, where 1{p`1{q " 1 (and p " 8 if q " 1).
Proof. Assume to the contrary that µ R N p prq ": N . The dual space of MpY q equipped with the weak* topology is CpY q (because the weak* topology is by definition the coarsest topology which makes the functionals µ Þ Ñ ş ψ dµ, for ψ P CpY q, continuous; see also [14, Theorem 3.10] ). Thus, because N Ă MpY q is convex, balanced, and compact, there exists by [14, Theorem 3.7] a number τ ă 1 and a function ψ P CpY q such that sup νPNˇż ψ dνˇˇˇˇă τ¨ż ψ dµ.
(4.11) By (4.10), we then infer that there exists P P P r such that τ¨}ψ} L 1 pµq ď }ψ} L q pν P q . (4.12)
There are now at least two ways to complete the proof, each of them so short that we record both. In the first argument, choose (by duality) a function ρ P L p pν P q with }ρ} L p pν P q " 1 such thatˇˇˇˇż ψρ dν Pˇ" }ψ} L q pν P q . (4.13)
Note that ρ dν P P N p prq by definition. It follows that }ψ} L q pν P q (4.13)
"ˇˇˇˇż ψρ dν Pˇ(
4.11)
ă τ¨ż ψ dµ (4.12) ď }ψ} L q pν P q .
This contradiction completes the proof. For the second argument, let ν P be as in (4.12) , and define the norm ϕ Þ Ñ ppϕq :"ˆż |ψ| q dν P˙1 {q , ϕ P CpY q.
Then (4.12) implies thatˇˇˇˇż λψ dµˇˇˇˇď ppλψq, λ ě 0, which means that the linear functional ϕ Þ Ñ ş ϕ dµ is dominated by p on the 1-dimensional subspace spanpψq Ă CpY q. Therefore the Hahn-Banach and Riesz representation theorems (see [14, Theorem 3.3] ) give a measure ν P MpY q which agrees with µ on ψ and is dominated by p everywhere on CpY q. This implies by duality that ν P N p prq, whence ż ψ dµ " ż ψ dν (4.11) ă ż ψ dµ.
Again, a contradiction has been reached. Now we have all the ingredients to prove Theorem 1.8, which we repeat here for convenience: Theorem 4.14. Let pX, d, µq be a complete, doubling, and quasiconvex space which is A 8 on curves. Then, there exist constants p ą 1 and A ě 1 such that the following holds. For any x P X and 0 ă r ď diampXq, the normalised restriction µ x,r :" µz Bpx,rq µpBpx, rqq has a 1-rectifiable representation of length r in L p , and moreover }µ x,r } L p prq ď A.
Proof. Let 1 ď q ă 8 and C ě 1 be the parameters from Corollary 3.16. We verify the criterion in Proposition 4.9 applied to the measureμ x,r :" C´p 1`1{qq¨µ
x,r and the compact metric space Y " Bpx, 2rq. Let ψ P CpY q. If Clearly γ X Bpx, rq ‰ H, which implies that γ Ă Y , and hence ν P F r pY q. Therefore, the Dirac mass on γ, denoted δpγq, is an element in P :" PpF r pY qq, and the inequality (4.15) states that }ψ} L 1 pμx,rq ď }ψ} L q pν δpγď sup PPP }ψ} L q pν P q .
We may now infer from Proposition 4.9 thatμ x,r P N p prq. It follows that }µ x,r } L p prq ď C 1`1{q .
This easily implies the theorem with A :" C 1`1{q .
